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Abstract 



U: In this paper we deal with the local exact controllability to a particular class of 

trajectories of the N— dimensional Boussinesq system with internal controls having 2 
vanishing components. The main novelty of this work is that no condition is imposed 
on the control domain. 
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C""- ■ 1 Introduction 

OO 1 

Let Q be a nonempty bounded connected open subset of (JV = 2 or 3) of class C°° . Let 
T > and let u> C f2 be a (small) nonempty open subset which is the control domain. We 
will use the notation Q = (1 x (0, T) and T, = dfl x (0, T). 

We will be concerned with the following controlled Boussinesq system: 



y t -Ay + (yV)y + Vp = vt LJ + de N in Q, 

9t-A6 + yV9=v t u in Q, 

V-y = inQ, (1.1) 

y = 0,9 = on S, 

2/(0) = y°, 9(0) = 9° in 17, 



where 



e N 



(0,1) if N = 2, 
(0,0,1) if TV = 3 



stands for the gravity vector field, y = y(x,t) represents the velocity of the particules of 
the fluid, 9 = 6(x, t) their temperature and (vq,v) = («o, v\, . . . , vn) stands for the control 
which acts over the set u. 

Let us recall the definition of some usual spaces in the context of incompressible fluids: 

V = {ye H^(fl) N : V • y = in fl} 

and 

H = {y e L 2 (ft) N : V • y = in O, y ■ n = on dQ}. 
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This paper concerns the local exact controllability to the trajectories of system (jl.ip at 
time t = T with a reduced number of controls. To introduce this concept, let us consider 
(y, 9) (together with some pressure p) a trajectory of the following uncontrolled Boussinesq 
system: 

y_t-Ay+(y- V)y + Vp = 9 e N in Q, 
t -A6 + y-Ve = O in Q, 

V-y = inQ, (1.2) 

y = 0, 9 = on S, 

y(0) = y°, 0(0) = 9° in ft. 

We say that the local exact controllability to the trajectories (y, 9) holds if there exists a 
number S > such that if \\(y°,9 ) — (y ,^ )^ < $ {X is an appropriate Banach space), 
there exist controls (vq,v) G L 2 (uj x (0,T)) Ar+1 such that the corresponding solution (y,9) 
to system matches (y, 6) at time t = T, i.e., 

y (T) = y(T) and 0(T) = 0(T) in ft. (1.3) 

The first results concerning this problem were obtained in [7] and [8] , with N + 1 scalar 
controls acting in the whole boundary of ft and with N + 1 scalar controls acting in uj when 
ft is a torus, respectively. Later, in [9], the author proved the local exact controllability for 
less regular trajectories (y, 9) in an open bounded set and for an arbitrary control domain. 
Namely, the trajectories were supposed to satisfy 

(y-,6) G L°°(Q) N+1 , (y u 9 t ) G L 2 (0, T; L r (ft)) Ar+1 , (1.4) 

with r > 1 if JV = 2 and r > 6/5 if N = 3. 

In [5], the authors proved that local exact controllability can be achieved with N — 1 
scalar controls acting in uj when 57 intersects the boundary of ft and (|1.4|) is satisfied. More 
precisely, we can find controls vo and w, with vat = and Vk = for some k < N (k is 
determined by some geometric assumption on w, see [5] for more details), such that the 
corresponding solution to (|1.1[) satisfies (ll.3p . 

In this work, we remove this geometric assumption on u and consider a target trajectory 
of the form (0,p,6), i.e., 

Vp — 9 eN in Q, 
fit - AG 7 = in Q, 
= onS, 
6»(0) = 0° in ft, 

where we assume 

9 G L°°(0, T; W 3 '°°(n)) and V0 t G L°°(Q) N . (1.6) 
The main result of this paper is given in the following theorem. 

Theorem 1.1. Let i < N be a positive integer and (p, 9) a solution to (| 1 . 5[) satisfying (|1.6[) . 
Then, for every T > andui C ft, t/iere exists 6 > sztc/i that for every (y , 6 ) G VxZ/^ft) 
satisfying 

\\(y ,e )-(Q,9°)\\ VxH i <S, 

we can find controls v° G L 2 (w x (0,T)) anc? w G L 2 (cj x (0,T)) , wif/i u,; = and wjy = 0, 
such that the corresponding solution to (ll.ip satisfies (jl.3p . i.e., 

y(T) = and 0(T) = 0(T) in ft. (1.7) 



Remark 1. Notice that when N — 2 we only need to control the temperature equation. 
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Remark 2. It would be interesting to know if the local controllability to the trajectories 
with N — 1 scalar controls holds for y ^ and u> as in Theorem 11.11 However, up to our 
knowledge, this is an open problem even for the case of the Navier- Stokes system. 

Remark 3. One could also try to just control the movement equation, that is, vq = in 
(jl.ip . However, this system does not seem to be controllable. To justify this, let us consider 
the control problem 



y t -Ay + (y V)y + Vp 
9 t - A9 + y • V0 = 
V-j/ = 
y = 0, V0 • n = 
y(0) = y°, 0(0) = 0° 



>1„ 



'ejv 



in Q, 
in Q, 
in Q, 
on S, 
in fi; 



where we have homogeneous Neumann boundary conditions for the temperature. Integrating 
in Q, integration by parts gives 



0(T) dx 



0o dx, 



so we can not expect in general null controllability. 

Some recent works have been developed in the controllability problem with reduced 
number of controls. For instance, in [3] the authors proved the null controllability for the 
Stokes system with N — 1 scalar controls, and in [2] the local null controllability was proved 
for the Navier-Stokes system with the same number of controls. 

The present work can be viewed as an extension of 2 . To prove Theorem 11.11 wc 
follow a standard approach introduced in |6] and [10] (see also [4]). We first deduce a null 
controllability result for the linear system 



y t ~ Ay + Vp = / + vl u + 6e N in Q, 

9 t - A9 + y ■ V0 = f + v lL in Q, 

V • y = in Q, 

y = 0, 9 = on S, 

[ y(0) = 2/°, 0(0) = 0° in 0, 

where / and /o will be taken to decrease exponentially to zero in t = T. 

The main tool to prove this null controllability result for system 
Carleman estimate for the solutions of its adjoint system, namely, 



(1.8) 



1.81) is a suitable 



-(pt - Aip + V7T = g - i(>V9 

-tpt - Aip = g + ip N 

V -tp = 

<p = 0, V = 

<p{T) - <p T , tp(T) = ^ T 



in Q, 
in Q, 
in Q, 
on S, 
in f2, 



(1.9) 



where g € L 2 (Q) N , go G L 2 (Q), tp T <E H and i/' T G i 2 (f2). In fact, this inequality is of the 
form 



Mt)(\<p\ 2 + W\ 2 )dxdt 



< C 



p2(t)(\g\ 2 + \go\ 2 )dxdt 



pz{t)\ip j\ 2 dx dt - 



ui 



p 4 (t)\i)\ 2 dxdt , (1.10) 



ui 
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if N = 3, and of the form 

ft(t)(M a + \i>\ 2 )dxdt < C\ 1 1 p 2 (t){\g\ 2 + \g \ 2 )dxdt + I I p 4 (tM' 2 dxdt 




if JV = 2, where j = 1 or 2 and jofe(t) are positive smooth weight functions (see inequalities 
(|2.4p and (|2.5[) below). From these estimates, we can find a solution (y,6, v,vq) of (|1.8[) 
with the same decreasing properties as / and /o- In particular, (y(T),6(T)) = (0,0) and 

Ui = U N — 0. 

We conclude the controllability result for the nonlinear system by means of an inverse 
mapping theorem. 

This paper is organized as follows. In section 2, we prove a Carleman inequality of the 
form (|1.10[) for system (jl.9p . In section 3, we deal with the null controllability of the linear 
system (II .8[) . Finally, in section 4 we give the proof of Theorem ll.il 



2 Carleman estimate for the adjoint system 

In this section we will prove a Carleman estimate for the adjoint system (|1.9j) . In order to 
do so, we are going to introduce some weight functions. Let ujq be a nonempty open subset 
of such that ZJq C uj and r\ E C 2 (il) such that 

> in U \ u> , rj > in Q and rj = on dfl. (2.1) 

The existence of such a function rj is given in [BJ. Let also I E C°°([0,T]) be a positive 
function satisfying 

l(t)=t Vt e [0, T/4] ,£(t) = T-t Vi E [3T/4, T] , 
*(*) <£(T/2),Vte [0,T]. 
Then, for all A > 1 we consider the following weight functions: 

a(a;,t) = WT\ , £,(x,t) 



(2.2) 



£ s (t) ' sv ' 7 £ 8 (i) ' 

a*(i) = maxa(i, t), £*(t) = min£(a;, i), (2.3) 

xgQ xen 

a(t) = mina(a;,i), £(t) — max£(a:,t). 

Our Carleman estimate is given in the following proposition. 

Proposition 1. Assume N — 3, uj C f2 and (p,0) satisfies (|1.6jl . There exists a constant 
Xq, such that for any A > Ao there exist two constants C(A) > and so(A) > such that 
for any j E {1,2}, any g E L 2 (Q) 3 , any go E L 2 (Q), any tp T E H and any 4> T & L 2 (£l), the 
solution of (|1.9[) satisfies 



s 4 e - Zsa \CfW\ 2 dxdt + s b jj e~ 5sa ' \Cf\M 2 dxdt 

Q 

T 

<C\ 1 1 e- 3sa *(\g\ 2 + \g \ 2 )dxdt + s 7 [ [ e~ 2sS ~ 3sa ' (0 7 \ Vj \ 2 dx dt 




ui 
T 



.1.2 / / ( US ,s 



Q *(£) 49 / 4 |^| 2 dxdi (2.4) 



Ix> 
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for every s > sq. 

For the sake of completeness, let us also state this result for the 2-dimensional case. 

Proposition 2. Assume N = 2, uj C f2 and (p,9) satisfies (|1.6|) . There exists a constant 
Xo, such that for any A > Ao there exist two constants C(A) > and so(A) > such that for 
any g G L 2 (Q) 2 , any go G L 2 (Q), any ip T G H and any ip T G L 2 (fl), the solution of (|1.9p 
satisfies 

"\^\ 2 dxdt 

u I 
for every s > sq. 

To prove Proposition [1] we will follow the ideas of [3] and [5] (see also [2]). An important 
point in the proof of the Carleman inequality established in j3] is that the laplacian of the 
pressure in the adjoint system is zero. In [2], a decomposition of the solution was made, 
so that we can essentially concentrate in a solution where the laplacian of the pressure is 
zero. For system (|1.9p this will not be possible because of the coupling term ipVQ. However, 
under hypothesis (|1.6[) we can follow the same ideas to obtain (|2.4[) . All the details are given 
below. 




2.1 Technical results 

Let us present now the technical results needed to prove Carleman inequalities (|2.4|) and 
(|2.5| . The first of these results is a Carleman inequality for parabolic equations with non- 
homogeneous boundary conditions proved in [11] , Consider the equation 

JV 

u t - Au = F + J2 9jFj in Q, (2.6) 
where F , F%, . . . , i*V G L 2 (Q). We have the following result. 

Lemma 2.1. There exists a constant Xq only depending on £1, u>q, rj and £ such that for any 
A > Ao there exist two constants C(A) > and s"(A), such that for every s > s and every 
u£ L 2 (0,T;H 1 (Cl))nH 1 {Q,T;H- 1 (Q)) satisfying $Tty . we have 




The next technical result is a particular case of Lemma 3 in [3] . 



G 



Lemma 2.2. There exists a constant Ai such that for any A > Ai there exists C > de- 
pending only on A, Q,, uiq, r\ and £ such that, for every T > and every u € L 2 (0, T; H (0)), 

s 3 rr e -^\ u f dxdt 




T 

• C I s / / r •--;|V//|-r/.rr// + S 3 / / e - 2 * Q $ 3 |u| 2 dx.// J . I'i.S) 

w 

/or every s > C. 

The next lemma is an estimate concerning the Laplace operator: 

Lemma 2.3. There exists a constant A2 smc/i that for any A > A2 i/iere exists C > 
depending only on X, fl, uiq, 77 and £ such that, for every u € L 2 (0, T: Hq (tt)), 

„6 



s b // e~ 2sa C\u\ 2 dxdt + s 4 // e - 2sa rivurdx^ 



T 

f I -v 3 I j e~ 2sa ^\Au\ 2 dxdt + s 6 J J e- 2sa i 6 \u\ 2 dxdt \ . (2.!)) 

Q wo 

/or every s > C. 

Inequality (|2.9[) comes from the classical result in [5] for parabolic equations applied to 
the laplacian with parameter s/£ s (t). Then, multiplying by 

cxp(-2,se 2A ll''H- /£ 8 (t)) and integrating in (0,T) we obtain (|2.9p . Details can be found in [5] 
or 0. 

The last technical result concerns the regularity of the solutions to the Stokes system 
that can be found in (see also [T3]). 

Lemma 2.4. For every T > and every F 6 L 2 (Q) N , there exists a unique solution 

u e L 2 (0,T;H 2 {Q) N )r\H 1 (0,T;H) 

to the Stokes system 

u t — Au + Vp = -F in Q, 
V • it = in Q, 

u = on £, 

u(0) = inti, 

for some p £ £ 2 (0, T; iJ 1 ^)), and there exists a constant C > depending only on O sitc/i 
i/iai 

II U IIl 2 (0,T:// 2 (O)«) + ll u ll_f/ 1 (0,T;L 2 (n)«) ^ C|I^IIl 2 (q)« ■ ( 2 -10) 
Furthermore, if F e L 2 (0, T; H 2 (fl) N ) n H l (0, T; L 2 (fl) N ), then 

u e L 2 (0,T; H i (n) N )r\H 1 (0,T; H 2 (n) N ) and there exists a constant C > depending only 
on fi such that 

l U lll 2 (0,T;_f/ 4 (n) N ) + \\ U \\ 2 H 1 (0,T;H 2 (n) N ) ^ 
< C (ll^llL 2 (0,T;// 2 (n)«) + ll- F llff 1 (0,T:L 2 (n) N )) ■ 

From now on, we set N — 3, i = 2 and j = 1, i.e., we consider a control for the movement 
equation in (jl.ip (and (jTT8j)) of the form w = (vi, 0, 0). The arguments can be easily adapted 
to the general case by interchanging the roles of i and j. 
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2.2 Proof of Proposition [T] 

Let us introduce (w,tt w ), (z,tt z ) and ip, the solutions of the following systems: 

—Wt — Aw + Vtt w = p g in Q, 



and 



V-w = 
u> = 
[ w(T) = 



V • z = 

2 = 
z(T) = 



^ = 
i>(T) = 



in y, 
on E, 
in J7, 



(2.12) 





in Q, 




in Q, 




on E, 




in Q, 




in Q, 




on E, 




in fi, 



(2.13) 



(2.14) 



where p(t) = e~? sa . Adding (|2.12[) and (12.131) . we see that (w + z,n w + 7r z ,ip) solves the 
same system as (pip, p~K, pip), where ((p,TT,ip) is the solution to (|1.9j) . By uniqueness of the 
Cauchy problem we have 



p ip = w + z, pn — tt w + tt z and pip = ip. 



(2.15) 



Applying the divergence operator to (|2.13[) we see that Air z = — V • (tpVO). We apply 
now the operator VA = (d\A, c^A, <9 3 A) to the equations satisfied by z\ and z 3 . We then 
have 



-(VAzi) t - A(VAzi) = V (dxV ■ (VV<9) - A(V><9i0) - p'Acpx) in Q, 
(VAz 3 ) 4 - A(VAz 3 ) = V (d 3 V • $V0) - A(^a 3 0) - p'A^ 3 ) in Q. 



(2.16) 



To the equations in (|2.16j) . we apply the Carleman inequality in Lemma 12.11 with u 
VAzfe for k = 1,3 to obtain 



E 

fc=l,3 



s// e ~ 2Sa ^l VVAzfc | 2dxd< + s // ' "°""vVA:/. ill 



<°\ E 

ife=l,3 
'1/2 



» I / e- 2sa £\\7Az k \ 2 dxdt + s- 1 ' 2 e - sa *(r)~ 1/8 VAz fc 

U)Q 

2 



2 

L 2 (S) 3 



e- sQ *(rr 1/4 vAz fe 



+ / / e" 2sQ |pf |A^ fc | 2 da;eft 



e~ 2sa ( E l^>| 2 + IWI 2 + H 2 )dxdi ] , (2.17) 

k,l=l 

for every s > C, where C depends also on ||#||L°o(o,T:W 3 .°°(n))- 



Now, by Lemma 12.21 with u — Az k for k — 1,3 we have 



^2 s 3 e^ 2sa f\Az k \ 2 dxdt 

k=l,3 v/ 



c E 



• ( > IS II ' 

fe=l,3 



£\VAz k \ 2 dxdt + s 3 e- 2sa ^\Az k \ 2 dxdt\, (2.18) 



ui 



for every s > C, and by Lemma 12.31 with u = z k for k = 1,3: 



E 

fc=l,3 



4 / / -~^<*^\Vz k \ 2 dxdt + s 6 // e^ 2sQ fl^| 2 ^^ 



^E 

fc=l,3 



Q 



s 3 II e~ Zsa C\Az k \ 2 dxdt + s b J J e~ 2sa C\z k rdxdt 

UJ 



, (2.19) 



for every s > C. 

Combining (|2.17[) . (|2.18|) and f|2 . 19f) and considering a nonempty open set lui such that 
luq <s= lui (E uj we obtain after some integration by parts 



E 

fc=l,3 



s// e ~ 2Sa ^l VVAz ' £ | 2da; * + s J J e~ 2sa ^\VAz k \ 2 dxdt 
Q Q 



s 3 J I e~ lsa C\Az k \ z dxdt + s^ II e-' sa eNz k \'dxdt+s b 1 1 e - Zsa ^\z k \ 2 dx dt 
Q 



<c\ E 

, fc=l,3 



S J I e ~ 2Sa t 7 \ z »\ 2dxdt + S_V2 e~ SQ *(tr 1/8 VAz fc 

ui 



2 

L 2 (S) 3 



+S 



-1/2 



e _ SQ . (r) _ 1/4vAzfc ^ + e - 2sa \ P '\ 2 \A Vk \ 2 dxdt 



_f/3'3(S) 3 



e" 2sQ ( E l^^l 2 + l V ^| 2 + M*)^ > (2-20) 

k,l=l I 

for every s > C. 

Notice that from the identities in (|2. 15|) . the regularity estimate (|2 . 10[) for w and \p'\ 2 < 
Cs 2 p 2 {C) 9/i we obtain for k = 1,3 



e- 2sa \ P '\ z \A^ k \ z dxdt = J J e- 2sa \p'\ 2 p- 2 \A{ P ip k )\ 2 dxdt 

Q 

<Cs 2 JJ e- 2sa e /4 \&z k \ 2 dxdt + Cs 2 JJ e~ 2sa e fi \Aw\ 2 dxdt 

Q Q 
< Cs 2 J J e~ 2sa e\^z k \ 2 dxdt + C\\pg\\ 2 L2{Q)a , 

Q 
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where we have also used the fact that s 2 e - 2sQ ^ 9 / 4 j s bounded and 1 < C£ 3 / 4 in Q. 

Now, from z\s = and the divergence free condition we readily have (notice that a* and 
£* do not depend on x) 



8" II e- 2sa {C) 4 \z 2 \ 2 dxdt<Cs 4 II e' 2sa '^ 4| « - |2 



(C) \d2Z 2 \ dxdt 
<Cs 4 II e- 2sQ e 4 (|Vzi| 2 + \Vz 3 \ 2 )dxdt. 



Using these two last estimates in (|2.20|) . we get 



I(s,z):= 



k=l,3 



-2sa 



\\7VAz k \ 2 dxdt + s // e~ 2sa £\\7Az k \ 2 dxdt 



+ s 3 J J e- 2sa f\Az k \ 2 dxdt + s 4 jj e~ 2sa £ 4 \\7z k \ 2 dxdt 
Q Q 



3 J J e ~ 2Sa ^\ Zk \ 2dxdt 
Q 



+ S JJ e ~ 2Sa '^ A \ z ^ dxdt 
Q 



<C \ E s? I I e- 2sa e\z k \ 2 dxdt + s-^ 2 e- SQ *(D" 1/8 VAz fc 

v fe=l,3 |_ Ull 

+S- 1 / 2 



2 

L 2 (S) 3 



llH3'2(S)3 



\\pg\\h(Q)3 



e- 2sa ( E I^VI 2 + m\ 2 + W 2 )dxdt , (2.21) 



fc,/=i 



for every s > C. 

For equation (I2.14j) . we use the classical Carleman inequality for the heat equation (see 
for example [B]): there exists A3 > such that for any A > A3 there exists 
C(A,f2,wi, ||^||l~(o,t ; w 3 .~(o))) > such that 



Q 



+ s 5 // e- 2sQ C 5 |^| 2 ^^<C ( s 2 yy e- 2s ^V(| 5o | 2 + |^3| 2 )^^ 

Q 

T 

+fi2 // e_2Sa ^l'°'| 2 |' 9 l _2 |^| 2d:z; * + s5 / / e- 2sQ £ 5 M 2 dE,/7 I . (2.22! 

Q ui 

for every s > C. 

We choose Ao in Proposition [T] (and Proposition [2]) to be Ao := max{Ao, Ai, A2, A3} and 
we fix A > Aq. 
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Combining inequalities (|2.21l) and (|2.22p . and taking into account that s 2 e 2sa £ 2 p 2 is 
bounded, the identities in (12 . 15[) . estimate (12.101) for w and \p'\ < Cs(£*) 9 / 8 p we have 



I{s,z) + J{s^)<C\ \\pg\\l HQY + \\pg4l HQ) + ^ / / e - 2sa e\ip\ 2 dxdt 



UJ! 



•E 

k=l,3 



-1/2 



e - SQ *^*)-l/8 VA 



Zk 



-1/2 



L 2 (£) 3 



e~ SQ *(C)~ 1/4 VA 



+»•' / / e- 2sa £ 7 |z fc | 2 dir* 

u»i 



(2.23) 



for every s > C. 

It remains to treat the boundary terms of this inequality and to eliminate the local term 
in z 3 . 

Estimate of the boundary terms. First, we treat the first boundary term in (I2.23|) . 

Notice that, since a* and £* do not depend on x, we can readily get by integration by parts, 
for k = 1, 3, 



< C 



L 2 (E) 3 

s l/2 e -sa-^*)l/2 VAzfc 



L 2 (Q) 3 



-l/2 e - S a*(£*)-l/2 VVA 



Zk 



L 2 (Q) 3 



< c 



e~ 2sa *CNAz k \ 2 dxdt+^- J J e~ 2sa " ^\\JVAz k \ 2 dx dt 



so ||e SQ VAzfe|| 2 2 ^ S N3 is bounded by I(s,z). On the other hand, we can bound the first 
boundary term as follows: 



-1/2 



e - sa "(cy 1/s vAz k <c s - i/2 



L 2 (E) 3 



VAz fe 



L 2 (£) 3 



Therefore, the first boundary terms can be absorbed by taking s large enough. 

Now we treat the second boundary term in the right-hand side of (|2.23[) . We will use 
regularity estimates to prove that z\ and z 3 multiplied by a certain weight function are 
regular enough. First, let us observe that from (|2.15j) and the regularity estimate (|2.10|) for 
w we readily have 



|| S 2 e— *(t) 2 ^H 2 L 2 ( Q) 3 < C (l{s,z) + HHI^s) 



We define now 



z:= se- sa '(C) 7/8 z, n z := se~ sa * (£* ) V ^ Z . 
From (|2.13j) we see that (z, tt z ) is the solution of the Stokes system: 



(2.24) 



— Zt — Az + V7r 2 = i?i in Q, 

V • z = in Q, 

z = on E, 

z(T) =0 in Q, 



(2.25) 
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where R x := -se~ sa ' {C) 7/8 p'^~s e - sa * (£*) 7/ VV6>-(se- sa * (C) 7/8 )tZ- Taking into account 
that \a* t \ < C(f) 9/S , \p'\ < Cs(f) 9/ V $LM and we have 

< C (l(s, z) + J{s, $) + \\pg\\l HQ)3 ) , 

and therefore, by the regularity estimate (|2.10p applied to (|2.25p . we obtain 

l|21li»(o,T;H»(n)3)nHi(o.r;i 2 (n) 3 ) - C ( J ( s > 2 ) + J ( S ^) + \\P9\\h{Q)^) ■ ( 2 - 26 ) 
Next, let 



z := e- sa (Cr W ^, ?f, 



From (|2.13|) . (z,tt z ) is the solution of the Stokes system: 

-z t - Az + V9 z =R 2 in Q, 

V-z = in Q, 

z = on S, 

z(T) =0 in fi, 



(2.27) 



where R 2 := -e~ sa " (£*)~ 1/4 p'<P ~ e~ sa ' ~ (e~ SQ * (D~ 1/4 )*2- By the same 

arguments as before, and thanks to (|2.26[) . we can easily prove that R 2 € L 2 (Q, T; H 2 (£l) 3 ) n 
-ff 1 (0, T; L 2 (Q) 3 ) (for the first term in R 2 , we use again (|2.15p and (|2.26[) ) and furthermore 

11^2 Hz, 2 (0,T;/f 2 (f2)3)n J F/ 1 (0,T;i 2 (n) 3 ) ^ C (^( s i z ) + ^( S ' ^0 + IIPSlli 2 (Q)3) ■ 

By the regularity estimate (|2. 1 1[) applied to (|2.27[) , we have 

H 2; lli 2 (0 : T;H 4 (O) 3 )nH 1 (0,T;H 2 (n) 3 ) - C { I ( s -> z ) + ^( s ' ^) + IIPSlll^Q)^ 

In particular, e - SQ * (£*r 1/4 VAz fc € L 2 (0, T; ff 1 (fi) a ) n -ff *((), T; H^ 1 (Q) 3 ) for k = 1,3 and 

E n^ s "*(r)- 1/4 vAz fc ||| 2(aT;ffl(f2)3) + iie- sQ *(r)- 1/4 vAz fc ||^ (0iT;ff _ 1(n)3) 

< C z) + J(s, $ + ||p <?|| 2 LW ) . (2.28) 

To end this part, we use a trace inequality to estimate the second boundary term in the 
right-hand side of p723jl : 



fe=l,3 



-1/2 



e- SQ *(r)" 1/4 VAz fc 



_f/i'3(E) 3 



<Cs- 1/2 E 



fc=l,3 



| e - stt * (rr l/4 VAzfe 
e - stt * (r) -l/4 VAzfc 



L 2 (0,T;H 1 (n) 3 ) 



ff 1 (0,T;.ff- 1 (n)s) 



By taking s large enough in (|2.23l) . the boundary terms 
| 2 . 

i?3>2(£)3 



s -i/2|j e - S a^-i/4 VAzfc ||2 i i can be absorbed by the terms in the left-hand side of 
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Thus, using (|2.15l) and (|2.10p for w in the right-hand side of (|2.23p . we have for the 
moment 



./!,•.:) J(.s.r) < C | \\pg\\l HQr + \\pg Q \\ 2 LHQ) + s* J J e^e^dxdt 

Wi 

T T 

+s 7 J J e - 2sa ^ 7 p 2 \ip 1 \ 2 dxdt + s 7 J J e- 2sa Cp 2 \V3\ 2 dxdt j . 

ui ui 



for every s > C. Furthermore, notice that using again (|2.15[) . (|2.10l) for ui and (|2.26|) we 
obtain from the previous inequality 



2 / / „-2sa 



S JJ G 

Q 



" (0 V4 p 2 M 2 dx dt + I(s, p^) + J(s, ,l>) 



C | \\P9\\% ( qy + \\P9o\\U Q) s+s 5 j j e- 2sa eWdxdt 

Wi 

T T 

+S7 / f e ~ 2Sa Z 7 P 2 \ l Pi\ 2 dxdt + s 7 J J e- 2sa Z 7 p 2 \tp 3 \ 2 dxdt\ , (2.29) 

ui ui 



for every s > C, where 



I(s,ptp) := 



fc=l,3 



s 3 yy e- 2sa fp 2 \Aip k \ 2 dxdt + S 4 JJ e- 2sa £ 4 p 2 \V^ k \ 2 dxdt 
Q Q 



-s 6 JJ e- 2sa fp 2 \ip k \ 2 dxdt 
Q 



s i // e - 2s «*(e*) 4 p 2 k2| 2 cterf*- 



Q 



Estimate of (^3 . We deal in this part with the last term in the right-hand side of (|2.29[) . 
We introduce a function (1 6 C 2 (uj) such that £i > and £1 = 1 in UJ\, and using equation 
(f2~T4|) we have 



T T 

Cs7 / J e ~ 2Sa ^P 2 \^\ 2 dxdt <Cs 7 J J ( 1 e- 2sa Z 7 p 2 \tp 3 \ 2 dxdt 

Wl (J 



Cs 7 y J ( i e- 2sa eP<Pa(-i>t-Ai>-P9o + p'il>)dxdt, 
w 



and we integrate by parts in this last term, in order to estimate it by local integrals of ip, 
go and el(s, pip). This approach was already introduced in [5]. 
We first integrate by parts in time taking into account that 



e -2 SQ (0)£7 (()) = e -2 S a(T)^7 (T) = Q. 
T 

-Cs 7 f f Cie' 2sa ^ 7 p^tdxdt 



u> 

T T 



= Cs 7 I I ^e-^Cp^dxdt + Cs 7 J J Ci(e- 2sa e P ) t ^dxdt 

to to 

/ T \ 

<e Is 2 j [ e- 2sa '{C) VA p 2 \^A 2 dxdt + I{s lPV ) 



to 

(T T 
fil2 / J e ~ ASa+2Sa '^ m $\ 2dxdt + sl ° J J e~ 2sa t; 41/4 m 2 dxdt 
u w 

where we have used that 

|(e" 2sa e 7 p)i| < Cse- 2sa e 65/8 P 
and Young's inequality. Now we integrate by parts in space: 

T T 

-Cs 7 J J ( 1 e- 2sa £, 7 pip 3 A^dxdt = -Cs 7 J J ( ie - 2sa £, 7 p A^dx dt 

u> to 

T T 

-2Cs 7 J Jv(( 1 e- 2sa £ 7 )-pVtp 3 ^dxdt-Cs 7 J J A(( 1 e- 2sa £, 7 )ptp 3 ^dxdt 

O to to 

T 

<eI{s,ptp) + C(e)s 12 J J e- 2sa Z 12 $\ 2 dxdt, 

O to 

where we have used that 

V(Cie~ 2sQ £ 7 ) < Cse- 2sa £ s and A(Cie- 2sQ £ 7 ) < Cs 2 e - 2sa f, 

and Young's inequality. 
Finally, 

T 

Cs 7 J J Cie~ 2sa Cp M-P 90 + p' Tp)dx dt 

u> 

T 



<Cs 7 / (ie- 2sa ep\V3\(p\go\ +Cse /8 \4>\)dxdt 



oj 



<eI(s,pcp)+C(e) is 8 e- 2sa fp 2 \g \ 2 dxdt + s 10 / / e~ 2sa C 41/4 \ip\ 2 dx dt 



to 



Setting e — 1/2 and noticing that 

e -2sc 

(see p.3p ) we obtain (|2.4p from ()2.29|) . This completes the proof of Proposition [TJ 



e~ 2sa < e - Asot+2sa * in Q, 
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3 Null controllability of the linear system 

Here we are concerned with the null controllability of the system 

f Ly + Vp = f + (v 1 ,0,0)t u + 9e 3 in Q, 

L6 + y ■ V0 = /o + vqIu inQ, 

V • y = in Q, 

y = 0,6 = on S, 

[ y(0) = y°, 9(0) - 0° in 0, 



(3.1) 



where y° G V, 0° G i/p (O), / and /o are in appropriate weighted spaces, the controls Vo and 
vi are in L 2 (oj x (0,T)) and 

Lq = q t - Ag. 

Before dealing with the null controllability of (|3.1|) , we will deduce a Carleman inequality 
with weights not vanishing at t = 0. To this end, let us introduce the following weight 
functions: 



(x,t) 



»2A|M| C 



(3*(t) = max /?(£,£), 7*(i) = minj(x,t), 
j3(t) = min/3(x,i), 'y(t) — max7(x,i), 



(3.2) 



where 



£(t) 



\\l\\oo 0<t<T/2, 
£(t) T/2<t< T. 



Lemma 3.1. Assume N — 3. Let s and A be like in Proposition^ and (p,9) satisfy (jl.5l) - 
(jl.6p . Then, there exists a constant C > (depending on s, A and 6) such that every solution 
((£>, 7T, ?/)) o/ (|1.9[) satisfies: 

JJe- 5 ^( 1 *) 4 M 2 dxdt + ||e- 5 ^( 7 *) 5 |^| 2 dxdt+||^(0)||i 2(n) 3 + ||^0)||i 2(o) 



Q 



-3s/3*/| |2 



(Iffr + lsor)^* 



-2s/3-3s/3*:r;7 



7 |</>i I dx di 



Ul 

T 



+ / / e-^-^^'^dxdt] . (3.3) 



w 



Let us also state this result for N = 2. 



Lemma 3.2. Assume N — 2. Le£ s and A be like in Proposition^ and (p,9) satisfy (jl.5l) - 
(|1.6p . Then, there exists a constant C > (depending on s, A and 9) such that every solution 
(tp, 7r, -0) of (|1.9|) satisfies: 

e -^'{ 1 *fW\ 2 dxdt + ||e^*( 7 *) 5 |0| 2 dxdt+||^O)||i 2(f2)2 + ||0(O)||i 2(n) 



< C 



-3s/T 



(| 5 | 2 + | ff0 | 2 )dxdi 



^-^T 4974 !^! 2 ^* • (3-4) 



ai 
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Proof of Lemma \3.1\ We start by an a priori estimate for system (|1.9I) . To do this, we 
introduce a function v £ C 1 ([0,T]) such that 

v= 1 in [O.T/2], i/ = in [3T/4,T]. 

We easily see that (i/(p,VTr,i/tp) satisfies 

— {yip)t — A(vip) + V(^7r) = v g — (ytj))V6 — v'tp in Q, 

-(vip)t - A(vip) = i/go + vyz - u'tp in Q, 

V • (i/<p) = in Q, 

(u<p) = 0, (vtp) = on E, 

[ (i^)(T) = 0, (i^)(T) = infi, 

thus we have the energy estimate 

ll I/ ¥'llz/ > (0,T;V) + \\ VL P\\ 2 L™(V,T-H) + IIW-'llL 2 (0,T;H 1 (f2)) + IIW>llz,=»(0,T;£ 2 (n)) 

< C(IMli 2 (Q)3 + ||^VIIl,2(Q)3 + |No||£a(Q) + IkVlll^Q))- 

Using the properties of the function u, we readily obtain 

IMl£a(0,T/2;tf) + ll¥>(°)lllw + \\lP\\h(0,T/2;L^Q)) + W®)\\h(n) 
< C (jl5llz, 2 (0,3T/4;L 2 (n) 3 ) + Mlz, 2 (T/2,3T/4;L 2 (n) 3 ) 
+ \\9o\\l2(0,3T/4;L 2 (Q)) + IIV , ll£a(T/2,3T/4;L a (n)) , 

From this last inequality, and the fact that 

e - 3s fs* > c > o, V< G [0,3T/4] and e -5^*(£*) 4 > C> 0, Vi 6 [T/2,3T/4] 

we have 



T/2 



T/2 



e - 5 ^*( 7 *) 4 | ¥3 | 2 rf a;( it + 



-5s/3*^,*\5u/,|2 



n 



u 



( 3T/4 



2 

L 2 (n)3 



3T/4 



\\m\\h m <c 



(C) 4 \<p\ 2 dxdt+ J J e-^ {Cf\^dxdt 
t/2 n 



V 



3T/4 



\\g\ 2 + \go\ 2 )dxdt 



5sq* /V*\5 |„/,|2^ 



\ 



t/2 n 



(3.5) 



Note that the last two terms in (|3.5j) are bounded by the left-hand side of the Carleman 
inequality (|2.4|) . Since a = /5inllx (T/2,T), we have: 



" 5s/3 *(7*) 4 |<^| 2 ^*+ / e- 5s ^{^*) 5 \^\ 2 dxdt 



T/2 n 

T 



t/2 n 
r 



t/2 n 



t/2 n 



< II e~ 5sa *(C) 4 \ ( P\ 2 dxdt + 



— 5sa* /'t*\5|_/ 1 |2 



(€*) 
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Combining this with the Carleman inequality (|2.4I) , we deduce 

T 

t/2 n t/2 n 

T 

: C\ II < :u " (|../|- + |sd| 2 )da !t ft+ / /e- 2sa - 3sQ *(C) 7 |^i| 2 dx* 

'(£) 49 / 4 |Vf<focft 




w 

T 

-4sS-sq* 



e 



ai 



Since 

e -3^* j e- 2 «3'-3.^^r je -2.?-3./J^7 je -4a?-./3*-40/4 > C > 0, Vt G [O.T/2], 
we can readily get 

T T 



w 



T/2 n T/2 Q 

<c( [[e-W(\g\ 2 + \g \ 2 )dxdt+ / / e^^YM*" 

w 

which, together with (|3.5|) . yields (13.31) . □ 



Now we will prove the null controllability of (|3.1|l . Actually, we will prove the existence 
of a solution for this problem in an appropriate weighted space. Let us introduce the space 

E = {(y,p,v u e,v ) :e 3 Wy, e >?+W^V* 0, 0)l w £ L 2 (Q) 3 , 

e 3/2sr 0) ^+1/2^^-49/8 Uq1w £ L 2(Q^ 
e 3/2s/3- ( 7 *)-9/8 y g T . #2( )3) R L oo (0; y. ^ 

e 3/ 2s ^- ( 7 *)-9/8g £ L 2(Q 5 T . K 2 (fi)) n L°°(0, T; £#(0)), 
e 5/ 2s r ( 7 *)-2 (Ly + V p - 8e 3 - («!, 0, 0)l u ) G L 2 (Q) 3 , 
e 5/2 s /T ( 7 *)-5/2 (L0 + y • - «ol u ) G L 2 (Q) }. 

It is clear that £ is a Banach space for the following norm: 

+i| e 3/2sr ^ii! 2(Q ) + i| e 2 ^ +1/2sr r 49/8 «oi.i!! 2(Q) 

+||e»/^( 7 -)- 9 / 8 »||i, (0lTliP(n ). ) + ||^^(7*)- 9/8 »lli-(o I T ! v) 
+ ||e 3 / 2 ^(7*)- 9 /^|l! 2(0 , T;ff2w) + l| e 3/2sr (7*)- 9/ ^ll^ ( o,T^) 
+ ||eW( 7 *)- 2 (iy + Vp - 0e 3 - («i,0, 0)1 W )|| 2 2(Q)3 

\ 1/2 

+ || e 5/2,r ( 7 *)-5/2 (ie + y . V _ Uo l w )||2 2(Q) ) 
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Remark 4. Observe in particular that (y,p, v\,9, vq) £ E implies y(T) = and 9(T) = in 
fi. Moreover, the functions belonging to this space posses the interesting following property: 

eW( 7 *)- 2 G/ • V)y S L 2 (Qf and e 5 / 2s ^* ( 7 *)" 5/2 2/ • Vfl 6 L 2 (Q). 
Proposition 3. Assume N = 3, (p,9) satisfies (ll.5l) - (|1.6p and 

y° eV,9 Q e H^(n), e"' 2sfi * W)- 2 f e L 2 {Qf and e 5 / 2s "*( 7 T 5/2 /o € £ 2 (Q). 

Then, we can find controls V\ and vq such that the associated solution (y,p,9) to (|3.1[) 
satisfies 

(y,p, v\ 1 9, vq) £ E. In particular, y(T) = and 9{T) = 0. 

Sketch of the proof: The proof of this proposition is very similar to the one of Proposition 
2 in [9] (see also Proposition 2 in [4] and Proposition 3.3 in [2]), so we will just give the main 
ideas. 

Following the arguments in [6] and [10], we introduce the space 

P = { (x,o-,k) € G 2 (Q) 5 : V • X = 0, X = on E, k = on £} 
and we consider the following variational problem: find (x, 5, re) £ Po such that 

g((x,ct,k), (x,o-,k)) = (G, (x,<7,/e)) V(x,cr, re) £ P , (3.6) 
where we have used the notations 

a{{x,a,2),(x,o-,K))= [[ e - 3s() * (L*x + + W9) ■ (L* X + + kV9) dxdt 



T 
ui 



e-^-'F^KKdxdt, 



<G, fotr./s)) = JJ f- X dxdt + J J f oK dxdt + J y°- X (0)dx + J 9° K (0) dx 
q q n n 

and L* is the adjoint operator of L, i.e. 

L*q = -q t - Aq. 

It is clear that a(- , • , •) : Po x Po h-> R is a symmetric, definite positive bilinear form 
on Po We denote by P the completion of Po for the norm induced by a{- , • , •). Then 
a(- , • , •) is well-defined, continuous and again definite positive on P. Furthermore, in view 
of the Carleman estimate (|3.3p . the linear form (%, a, ft) i— > (G, (x, cr, re)) is well-defined 
and continuous on P. Hence, from Lax-Milgram's lemma, we deduce that the variational 
problem 

J a((x,CT,re), (x,cr, re)) = (G, (x,ct,k)) 
\ V(x,ct,k) S P, (x.ff.Js) 6 P, 
possesses exactly one solution (x, ct,k). 



18 



Let y , V\ , 9 and vq be given by 



y = e- 3sP '(L*x + Va + nWe), in Q, 



e -3 8 (i*£_£ 3 ), 



Then, it is readily seen that they satisfy 



inwx (0,T), 
in Q, 

in w x (0,T). 



3s/3 *|y| 2 dxcft + // e 3s/3 *|?| 2 d 2; A+ / / e 2 ^ +3s ^T 7 \vi\ 2 dxdt 



w 



+ / e 4 ^ +sf) 'T 49/4 \vo\ 2 dxdt = a((x,a,K),(x,a, K )) < +c 



and also that (y, 0) is, together with some pressure p, the weak solution of the system (|3.1 
for «i = «i and vq = Vo- 

It only remains to check that 



and 



e 3/ 2s /9* ( 7 *)-9/80 g L 2( Q) T . n £°°( 0) T; #l(fi)) 

To this end, we define the functions 

y* = e 3 / 2s ^(j*y 9 / s y, p* = e W ( 7 *)~ 9/8 p, 9* = e 3 ' 2s ^ (7*)" 9/8 9 

f = e 3 / 2 ^*( 7 T 9/8 a + (%,0,0)l u ) and /* = e 3 / 2 ^* ( 7 T 9/8 (/o + 
Then (y*,p*,9*) satisfies 

' Ly* + Vp* =f*+9*e 3 + (e 3 ' 2s ^ ( 7 *)~ 9/8 )*y in Q, 
L9* +y* • V0 = /o* + (e 3 / 2 ^* ( 7 *)- 9 / 8 ) t in Q, 



V • y* = 

= 0, (9* = 
y *(0) =e 3 / 2 ^*(°)(7*(0))- 9 / 8 2 /°, 
[ 0*(O) = e 3 / 2s ' 3 *( )(7*(0))- 9 / 8 e , 



in Q, 
on E, 
in f2, 
in tt. 



From the fact that /* + (eW( 7 t 9/8 )t!/ £ £ 2 (Q) 3 , f$ + (e 3 / 25 ' 3 * ( 7 *)- 9 / 8 ) t G L 2 (Q), 
y° € V and 9° G i?o(fi), we have indeed 

y* G L 2 (0, T; H 2 (il) 3 ) n £°°(0, T; 7) and (9* G i 2 (0, T; H 2 (n)) n L°°(0, T; Z#(fi)) 

(see (|2.10p ). This ends the sketch of the proof of Proposition [3] □ 



4 Proof of Theorem 11.11 

In this section we give the proof of Theorem 11.11 using similar arguments to those in [10) 
(see also [I], [5], [S] and [5]). The result of null controllability for the linear system (|3.ip 
given by Proposition [3] will allow us to apply an inverse mapping theorem. Namely, we will 
use the following theorem (see p]). 
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Theorem 4.1. Let B\ and B 2 be two Banach spaces and let A : B\ — > B2 satisfy A G 
C 1 {B\]B2). Assume that b\ G B\, Aib\) = 62 o,nd that A!(b\) : B\ — > B2 is surjective. 
Then, there exists 5 > such that, for every b 1 G B 2 satisfying \\b' — 62 ||_b 2 < there exists 
a solution of the equation 

A{b) = b', be B x . 

Let us set 

y = y,p = p + p and 6 = + 0. 
Using (jl.ll) and (|1.5I) we obtain 

y t - Ay + (y ■ V)y + Vp = vl u + 0e N in Q, 
6 t - A6 + y- V6 + y-V6 = v Q t u in Q, 

v • V =_? 
y = 0,6 = 

{ y(0) = y°, 9(0) = 6° - 6° 



in Q, 
on E, 
in fi. 



(4.1) 



Thus, we have reduced our problem to the local null controllability of the nonlinear system 
We apply Theorem 14.11 setting 

Bx=E, 

B 2 = L 2 (e 5 / 2s/r ( 7 *)- 2 (0,T);L 2 (tt) 3 ) x V x L 2 (e 5/2s/3 * ( 7 *)- 5/2 (0, T); L 2 (tt)) x ff^fi) 
and the operator 

A(y, p, vi,e,Vo) = (Ly + (y ■ V)y + Vp- 9e 3 - (vi , 0, 0)l m y(0), 

L6 + y- V0 + y- W6-v t u , 6(0)) 

for (y,p,vi,6,v ) G E. 

In order to apply Theorem 14. 1[ it remains to check that the operator A is of class 
C 1 (Bi; B 2 ). Indeed, notice that all the terms in A are linear, except for (y ■ V)y and y ■ V0. 
We will prove that the bilinear operator 

((y\p 1 ,v\,6 1 ,v 1 ),(y 2 ,p 2 ,v 2 1 ,6\vl))^(y 1 -VYj 2 
is continuous from B 1 x B x to L 2 (e > l 2s& ' (7*)" 2 (0, T); L 2 (n) 3 ). To do this, notice that 

e 3/2«r ( 7 *)- 9 / 8 y 6 L 2 (0, T; ff 2 (ft) 3 ) n L°°(0, T; V) 
for any (y,p,vi,6,vo) £ Bj, so we have 

e 3 Wtf)- 9 /*y G L 2 (0,T;L°°(r!) 3 ) 

and 

V(e 3/2s,3 *(7*)- 9/8 y) G L°°(0, T; L 2 (f2) 3 ). 



Consequently, we obtain 

iie w VrV-v)y 2 iu w 

< C]| ( e W* ( 7 «)-»/8 y 1 . V)e 3 / 2 ^* ( 7 *)" 9 / 8 y 2 || LW 
< C || e 3/2,r (7 * ) -9/8 y i ||L2(oT;i=o(n)3) l|e 3 / 2 ^( 7 *)" 9 / 8 y 2 || Loc(0iT;y) . 

In the same way, we can prove that the bilinear operator 

( (y 1 , p 1 , v\ , 6 1 , vl ) , (y 2 , p 2 , v\ , 9 2 , v 2 ) ) -> y 1 • W 2 
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is continuous from B\ x Bi to L 2 (e 5 / 2sfi * (7*) 5 / 2 (0, T); L 2 (f2)) just by taking into account 
that 

e 3 / 2 ^*( 7 *)- 9 / 8 # g L~(0,T;flJ(n)), 

for any «o) e 

Notice that „4'(0, 0, 0, 0, 0) : Bi -4 B 2 is given by 

A / (0,0,0,0,0)(y,p; «!,?,«(,) = {Vy + Vp-9e z -(v u Q,ti)l u , jr(0), 

+ Vfl-uolL, 0(0)), 

for all (y,p,vi,9,vo) g Si, so this functional is surjective in view of the null controllability 
result for the linear system (|3.1|) given by Proposition [3] 

We are now able to apply Theorem l4.1l for b\ = (0, 0, 0, 0, 0) and bi — (0, 0, 0, 0). In partic- 
ular, this gives the existence of a positive number 8 > such that, if \\y(0), 9(0)\\ VxH i^ < 8, 
then we can find controls V\ and v such that the associated solution (y , p, 9) to (|4.1I) satisfies 
y(T) = and 9{T) = in fi. 

This concludes the proof of Theorem 11.11 
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